In this paper, we introduce the notion of n-folds P-ideals in BCI-algebras which is a natural generalization of P-ideals in BCI-algebras. Via the concept of fuzzy point, we establish several characterizations of n-fold and fuzzy n-fold P-ideals in BCI-algebras. Furthermore, we construct some algorithms for folding theory applied to P-ideals in BCI-algebras.
Introduction
BCI-algebras introduced by Iséki [3] form an important class of algebras which, by definition, generalizes the concept of set-theoretic difference and propositional calculus. Since then, several works have been dedicated to the theory of BCI/BCK/MV/BL-algebras with a focus on ideals and filters of these classes of algebras.
From the logical point of view, various ideals correspond to various sets of provable formulas [1, 3, 4, 19] . In 1965, Zadeh [21] introduced the concept of fuzzy sets which has been successfully applied to many mathematical disciplines. In 1991, O. Xi [20] applied the concept of fuzzy sets to BCI-algebras and introduced the notion of fuzzy ideals in BCI-algebras. The notions of n-fold and fuzzy n-fold of various ideals in BCI/BCK-algebras have been studied in [8, 10, 11] and many important properties have been established therein.
In this paper, we introduce a general theory of the notion of P-ideals and fuzzy P-ideals. More precisely, we investigate the foldedness of P-ideals in BCI-algebras. Thanks to the concept of fuzzy point, we establish several properties of n-folds and fuzzy n-folds P-ideals in BCI-algebras. Afterwards, we construct some algorithms to determine whether certain finite sets provided with a well defined operation, are BCI-algebras, n-fold P-ideals, fuzzy subsets or fuzzy n-fold P-ideals.
The remaining part of the paper is organized as follows. Section 2 presents some basic concepts of BCI-algebras and the various terminologies used in the sequel are defined. In Sections 3 we introduce the notion of n-fold P-ideals whereas Section 4 is devoted to the characterization of fuzzy n-fold ideals. Finally, in Section 5 we give some concluding remarks and suggestions for future developments. All the algorithms are postponed in Appendix A at the end of the paper for readability reasons.
Background
A BCI-algebra is a non-empty set X with a binary operation * and a constant 0 satisfying the following axioms:
A partial ordering on X can be defined by
The following properties also hold in any BCI-algebra [1, 5, 7, 8, 18, 22] .
We briefly review some fuzzy logic concepts. For more detail, we refer the reader to [13, 20, 21] .
Definition 2.1. A fuzzy subset of a BCI-algebra X is a function
If ξ is the family of all fuzzy subsets of X , and x ∈ X , x λ ∈ ξ is a fuzzy point iff for y ∈ X
We then denote bỹ
the set of all fuzzy points on X and we define a binary operation onX as follows:
It is easy to verify that ∀x λ , y μ , z α ∈X, the following conditions hold:
Remark 2.1. If x λ * y μ = 0 min(λ,μ) and y μ * x λ = 0 min(λ,μ) where min(λ, μ) = 0, we have x = y and not x λ = y μ unless λ = μ. So the relation x λ y μ if and only if x λ * y μ = 0 min(λ,μ) is not antisymmetric. We can also note that x λ x μ ∀λ, μ and the relation is not a very suitable order. Therefore, the partial order in (X, * ) cannot be extended to (X, * ).
We can also establish that ∀x λ , y μ , z α ∈X, the following conditions hold:
We recall that if A is a fuzzy subset of a BCI-algebra X , then we havẽ
For any n 1, x, y ∈ X and x λ , y μ ∈X, we denote respectively (· · · ((x * y) * y) * · · ·) * y and (· · · ((x λ * y μ ) * y μ ) * · · ·) * y μ by x * y n and x λ * y n μ , where y and y μ occur n times.
Definition 2.2.
• An ideal of a BCI-algebra X is a subset I containing 0 such that for any x, y ∈ X x * y ∈ I and y ∈ I ⇒ x ∈ I.
• A subset I of a BCI-algebra X is said to be a P-ideal if
Definition 2.3.
• A fuzzy subset A of X is a fuzzy ideal if
• A fuzzy subset A is a fuzzy P-ideal if
Definition 2.4. Let A be a fuzzy subset of X .
• If ∀θ ∈ Im( A), 0 θ ∈Ã and ∀x λ , y μ ∈X
thenÃ is called a weak ideal ofX .
•
thenÃ is called a weak P-ideal ofX .
The following theorem gives some characterizations of fuzzy ideals. [13] .) Suppose that A is a fuzzy subset of a BCI-algebra X , then the following conditions are equivalent:
Theorem 2.1. (See
1. A is a fuzzy ideal; 2. For all x λ , y μ ∈Ã, (z α * y μ ) * x λ ∈Ã ⇒ z min(λ,μ,α) ∈Ã; 3. For any t ∈ (0, 1
], the t-level subset A t = {x ∈ X: A(x) t} is an ideal of X when A t = ∅;
4.Ã is a weak ideal ofX.
n-fold P-ideals
Definition 3.1. Let I be a subset of a BCI-algebra X . If 0 ∈ I and there exists a fixed n ∈ N such that ∀x, y, z ∈ X ,
then I is said to be an n-fold P-ideal.
Now we describe the relation between ideals and n-fold P-ideals.
Proposition 3.1. Every n-fold P-ideal is an ideal.
Proof. Let I be an n-fold P-ideal in X ; it is clear that 0 ∈ I . Since for any x ∈ X x * 0 n = x, then by setting z = 0 in the definition of n-fold P-ideal, we obtain the result. 2
The following example shows that an ideal may not be an n-fold P-ideal. Example 3.1. Let X = {0, 1, 2, 3, 4} with * defined by the following table:*0  1  2  3  4   0  0  0  4  3  2  1  1  0  4  3  2  2  2  2  0  4  3  3  3  3  2  0  4  4  4  4  3  2  0 Using the algorithms in Appendix A, we can prove that (X, * ) is a BCI-algebra and that I = {0} is an ideal which is not a 1-fold p-ideal.
Proposition 3.2. Let I be an ideal of a BCI-algebra X , if
then I is an n-fold P-ideal.
Proof. Let x, y, z ∈ X , such that (x * z n ) * (y * z n ) ∈ I and y ∈ I . By the hypothesis, we have x * y ∈ I . Since I is and ideal and y ∈ I , we easily obtain x ∈ I . 2
where x occurs n − 1 times, and 0 = x * x, we obtain that 0
since I is an n-fold P-ideal, we have 0 ∈ I ; by applying the definition of n-fold P-ideal it follows that x ∈ I . 2 Proposition 3.4. If I is an n-fold P-ideal of a BCI-algebra X , then for any
Proof. For any BCI-algebra X , we have the inequality
If we assume that for any n ∈ N,
we obtain the following:
By finite induction, we easily prove that for any n ∈ N,
Combining the hypothesis and the fact that I is an ideal, we obtain the result. 2
Fuzzy n-fold P-ideals
Definition 4.1.
• A fuzzy subset A of X is a fuzzy n-fold P-ideal if for any x, y, z ∈ X
A(0) A(x) and A(x) min
• Using the algorithms in Appendix A, it is easy to check that X is a BCI-algebra. Simple computations prove thatÃ is an 1-fold weak P-ideal. By using the algorithms at the end of this paper, many examples of n-fold and fuzzy n-fold P-ideals can be given.
Theorem 4.1. A fuzzy subset A of a BCI-algebra X is a fuzzy n-fold P-ideal if and only ifÃ is an n-fold weak P-ideal.
Proof. Suppose that A is a fuzzy n-fold P-ideal.
Let λ ∈ Im( A) and suppose that λ = A(x). Since A is a fuzzy n-fold P-ideal, we have A(0) A(x) = λ and it then follows
Since A is a fuzzy n-fold P-ideal, we have
so that x min(λ,μ,α) ) ∈Ã. Conversely, let x ∈ X , we need to show that
SinceÃ is an n-fold weak P-ideal, we have 0 λ ∈Ã which means that
Since β, α ∈ Im( A), 0 β , 0 α ∈Ã. It follows from the construction ofÃ that β > 0 and α > 0 hence min(β, α) > 0. We also
Using the fact thatÃ is n-fold weak P-ideal, we have x min(β,α) ∈Ã. It follows that
Now we describe the relation between weak ideals and n-fold weak P-ideal.
Proposition 4.1. IfÃ is an n-fold weak P-ideal, thenÃ is a weak ideal.
Proof. It is clear that for any λ ∈ Im( A), 0 λ ∈Ã. Let x λ * y μ ∈Ã and y μ ∈Ã. Since
we apply the definition of n-fold weak P-ideal and obtain thatÃ is a weak ideal. 2
The next example proves that the converse of the above proposition is not always true.
Example 4.2. Let
; simple computations prove thatÃ is a weak ideal, but not a 1-fold weak P-ideal.
Corollary 4.1. If A is a fuzzy n-fold P-ideal, then A is a fuzzy ideal.
Proof. If A is a fuzzy n-fold P-ideal, then by Theorem 4.1Ã is an n-fold weak P-ideal. Using Proposition 4.1, we obtain that A is a weak ideal and apply Theorem 2.1 to conclude that A is a fuzzy ideal. 2
The following proposition gives the characterization of fuzzy n-fold P-ideal in BCI-algebras:
Proposition 4.2. If A is a fuzzy n-fold P-ideal, then
Proof. We can apply finite induction from the inequality (x * z) * (y * z) x * y and obtain that for any n ∈ N,
By Corollary 4.1, A is a fuzzy ideal. Then
and we obtain the result. 2
Now, we can characterize fuzzy n-fold P-ideals in terms of level subsets as follows.
Theorem 4.2. A fuzzy subset A of a BCI-algebra X is a fuzzy n-fold P-ideal if and only if for each t
either empty or an n-fold P-ideal of X .
Proof. Assume that A is a fuzzy n-fold P-ideal of X .
Let t ∈ (0, 1] and x ∈ A t , A(x) t. Since A is a fuzzy ideal, A(0) A(x) and it follows that 0 ∈ A t .
Let x, y, z ∈ X with (x * z n ) * (y * z n ) ∈ A t and y ∈ A t .
A (x * z n ) * (y * z n )
t and A( y) t.
This proves that the t-level set A t is an n-fold P-ideal of X .
Conversely, assume that
t which is non-empty and so an n-fold P-ideal, so 0 ∈ A t namely A(0) t = A(x). Let x, y, z ∈ X , we need to show that
If not, then there are a, b, c ∈ X such that
.
we have
Then we obtain a / ∈ A t 0 , but (a * c n ) * (b * c n ) ∈ A t 0 and b ∈ A t 0 which is in contradiction with the fact that A t 0 is an n-fold P-ideal of X . Therefore A is a fuzzy n-fold P-ideal and the proof is complete. 2
Proposition 4.3. A non-empty subset I of X is an n-fold P-ideal if and only if the characteristic function χ I is a fuzzy n-fold p-ideal.
Proof. Assume that χ I is a fuzzy n-fold p-ideal. Since χ I (0) χ I (x) for any x ∈ X and because I is non-empty, we obtain that χ I (0) = 1 and 0 ∈ I .
Since χ I is an fuzzy n-fold P-ideal,
This means that χ I (x) = 1 and x ∈ I . Conversely, assume that I is an n-fold P-ideal. Since 0 ∈ I , χ I (0)
If x / ∈ I and y ∈ I , then (x * z n ) * (y * z n ) / ∈ I because I is an n-fold P-ideal. Thus
Hence χ I is a fuzzy n-fold p-ideal and this completes the proof. 2
Proposition 4.4. If A is an fuzzy n-fold P-ideal of X , then X
Proof. Assume that A is an fuzzy n-fold P-ideal of X . It is clear that 0
Since A is an fuzzy n-fold P-ideal,
But, from the definition of fuzzy n-fold P-ideal, we have A(0)
A(x) for any x ∈ X . Thus A(x) = A(0) and x ∈ X A . This completes the proof. 2 
Conclusion
We have studied the foldedness of P-ideals in BCI-algebras. In [6, 15, 16] and [17] , many ideals in BCI-algebras have been studied as well as various relations between them. The main purpose of our future work is to investigate the foldedness of other types of ideals and the relation diagram between them similar as in [15, 16] . We have already managed with the folding theory in BCK-algebras [9, 10] , the folding theory of quasi-associative ideals (namely q-ideals [16] ) [8, 11] and the folding of H-ideals in BCI-algebras [12] .
The results presented in this paper and the forthcoming works could prepare the ground for a bright future for the application of folding theory to BCI/BCK/MV/BL-algebras [2, 14] .
